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This chapter gives generalization bounds for structured output learning. We show
that generalization bounds justify the use of Hamming distance in training algo-
rithms independent of the choice of the loss function used to define generalization
error. In particular, even when generalization error is measured by 0-1 loss the gen-
eralization bounds involve a Hamming distance. A natural training algorithm is to
simply minimize the generalization bound over the concept parameters. Minimiz-
ing the generalization bound is consistent — as the amount of training data in-
creases the performance of the algorithm approaches the minimal generalization er-
ror achievable over the parameter settings. Unfortunately, the generalization bound
is not convex in concept parameters. We consider several different ways to make
the generalization bound convex all of which are equivalent to classical hinge loss
in the case of binary classification but none of which are consistent.

1.1 Introduction

Structured output classification can be viewed as a kind of decoding. We assume
a probability distribution on pairs (x,y) where = is observable and y is latent. A
decoder is a machine for predicting y given only z. In communication channels, as
in structured labeling, one typically deals with cases where y is a structured signal.

In this chapter we will be concerned only with a kind of linear decoding. We
assume a fixed mapping ® from pairs to feature vectors, i.e., for any pair (z,y) we
have ®(z,y) € R¢. We will consider decoders of the following form where w € R¢
is a weight vector.

fuw(z) = arg;nax O(x,y) - w (1.1)
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The ultimate objective is to set the parameters w so as to minimize the expectation
of d(y, fu(x)) where d is a measure of distortion.

w* = arglrunin E<x,y>~D [d(y, fuw(z))] (1.2)

A popular alternative to (1.2) is logistic regression. In logistic regression the
weight vector w is used to represent a probability distribution P(y|z,w) defined as
follows.

P(ylz,w) = Z ) exp(®(z,y) - w) (1.3)

Z(z,w) = Zexp(cp(z,g) -w) (1.4)

Models of this form include Markov random fields (MRFs), probabilistic context
free grammars (PCFGs), hidden Markov models (HMMs), conditional random fields
(CRFs) (6), dynamic Bayes nets (5), and probabilistic relational models (PRMs)
(4). In logistic regression the goal is to minimize expected log loss.

(1.5)

% . 1
w* = argul)mn E(x,y>~D {log P(mw}

A significant advantage of logistic regression is that (1.5) is convex in w while
(1.2) is not. However, the objective in (1.2) seems a more accurate reflection of the
actual quantity of interest. The main question addressed in this chapter is how one
should select the parameter vector w so as to approximate (1.2) given only a finite
sample of training data drawn from D.

For binary classification, the case with y € {—1,1}, SVMs provide a popular
approach to optimizing (1.2). But for the general case of structured decoding there
are several different generalizations of binary SVMs. Here we give generalization
bounds designed to provide insight into these alternatives.

Generalization bounds were given by Collins for 0-1 distortion (3) and a bound
has been given by Taskar et al. (12) for the case of Hamming distance distortion.
The use of Hamming distance produces a much tighter bound and seems to support
the idea that Hamming distortion has advantages in practice. Here we show that
the improvements in the generalization analysis achieved by Taskar et al. can be
achieved for an arbitrary bounded distortion, including 0-1 distortion. Interestingly,
Hamming distance still appears in the analysis, but not as a consequence of the
choice of distortion. We also consider issues of asymptotic consistency. With more
than two possible signals, SVM algorithms are not consistent — they fail to converge
on the optimal decoder even in the limit of infinite training data. However, the
training algorithm that sets w by minimizing the (nonconvex) generalization bound
is consistent. This gives a trade-off between convexity and consistency in decoding
with structured signals.
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1.2 PAC-Bayesian Generalization Bounds

In the decoding problem considered here, the goal is to learn a mapping f: X — Y
where X is a set of observable “codes” and Y is a set of latent (unobserved) “signals”.
Here we follow the approach given in (2) based on “parts”. In addition to the sets
X and Y we assume a set P of parts. In parsing we have that z is a string and y
is a parse tree with yield x — the decoder takes as input a string and produces as
output a parse tree. In parsing we have a stochastic (or weighted) grammar G. In
parsing a part is just a production of G. Each pair (z,y) of a string = and a parse
tree y is associated with a set of parts — the productions of G that appear in the
parse tree y. Note that a given parse tree can use the same production more than
once. Also note that for parsing with a finite grammar the set of parts is finite even
though the spaces X and Y are infinite.

In general we assume sets X, Y and P and we assume a function ¢ such that
for x € X, y € Y and p € P we have that c(p, (x,y)) is a nonnegative integer —
e(p, (z,y)) gives the number of times that the part p appears in the pair (z,y).
Furthermore, we assume a distribution on D on X x Y such that for any z € X we
have that the conditional distribution P(y|x) has a countable support (a feasible
set) which we denote by Y(x). We let P(z) denote the set of p € P such that there
exists § € Y(x) with ¢(p, (x,9)) > 0. Here we will assume that for any = € X the
sets Y(z) and P(z) are finite. For grammars we have that ¢(p, (x,y)) is the number
of times the production p occurs in the parse tree y.

We consider the decoder f,, defined by (1.1) where w, ®(x,y) € RI”l and where
®(x,y) is defined as follows.

®,(2,y) = c(p, (2,9)) (1.6)

In the case of grammars we have that w and ®(z,y) are both indexed by the set
of productions of the grammar. A more general form for ®(z,y), allowing for the
use of kernels, is discussed in section 1.5. For any definition of ®(z,y) we define the
margin m(z,y, §, w) as follows.

Intuitively, m(z,y,§,w) is the amount by which y is preferable to § under the
parameter setting w.

The PAC-Bayesian theorem governs the expected distortion of a stochastic
decoder. The stochastic decoder first stochastically selects an alternative parameter
vector w’ then then returns f,(x). It is possible to convert the bounds stated here
for the loss of a stochastic decoder to a bound on the loss of the deterministic
decoder f,,. However, this conversion seems to provides no additional insight. For
any weight vector w we let Q(w) be a distribution on weight vectors whose precise
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definition is given in section 1.6. We define the expected distortion of Q(w) as
follows.

LQ(w),D) =By ) by iy 1400 fur ()] (18)

For simplicity we assume that there exist finite values r, s and ¢ satisfying the
following conditions for all z € X and § € Y(z).

[9(z)] <r (1.9)

> elp(z,9) <s (1.10)

pEP(x)

|P(z)| < ¢ (1.11)

In parsing we have that finite values r, s, and ¢ exist provided that we bound the
length n of the string x. In this case r is exponential in n while s is O(n) and ¢ is
O(1) (the number of productions of the grammar). In lexicalized grammars bounds
r, s and £ can be given in terms of the length of the input string independent of
the size of the lexicon.

Throughout the rest of this paper we assume that 0 < d(y,g) < 1 for all
v, 9 € Y(x) with 2 € X. We also assume a sequence S = (z1,%1),. -, (Tm, Ym)
of m labeled training pairs has been drawn IID from D. The following theorem
is similar to that proved by Collins but generalized to handle arbitrary bounded
distortion and modified so as to be consistent. More specifically, if we set w* so as
to minimize the right hand side of (1.12) then, in the limit of infinite training data,
we have that w* minimizes generalization loss. This is discussed in more detail in
section 1.4. In the theorem I[®] denotes the indicator function where I[®] =1 if @
is true and 0 otherwise.

Theorem 1 With probability at least 1 — § over the draw of the training data S of
m pairs we have that the following holds simultaneously for all weight vectors w.

Ll(w7 S) ||w||2 252||w||21n (—HZﬁQ) + In (%)
+ +
m m (m—1)

L(Q(w), D) < (1.12)

Li(w,8) =) e d(yi, G, ful@i), §,w) < 1] (1.13)
i=1

Intuitively, f,(z;) is uncertain and any value ¢ satisfying m(x;, fu (z;), g, w) < 1
should be considered as a possible value of f,(z;). The quantity L1(w,S) is the
worst case distortion over the signals ¢ which are considered to be possible values
of fu(x;). If all possible values of f,,(x;) are similar to y; (as measured by the
distortion function) then L;(w,S) will be low. Theorem 1 should be contrasted
with the following which refines the bound of Taskar et al. by handling arbitrary
bounded distortion and modified so as to be consistent.
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Theorem 2 With probability at least 1 — § over the choice of the training data we
have that the following holds simultaneously for all weight vectors w.

L@, by < L 9) | Il |l (ffy) +1n (%)

m m 2(m —1) (1.14)

LH(waS) = Z 'L}Iélya();) d(ylv ]))[[m(l’l,fw(dfz),]:l,w) S H(quw(‘rz)ﬂj)] (115)

H(w,y.9)= Y lelp.(@.9)) - clp, (z,y))] (1.16)
pEP(x)

Like L1(w,S), the training loss Ly (w,S) can be viewed as the worst case
distortion on the training set over the training labels that are considered possible
values of f,(z;). However, the criterion for being considered to be a possible value
for f,(z;) involves a Hamming distance.

The proof of both theorems is given in section 1.6. The main feature of the proof
of theorem 1 is a union bound over the elements of Y(z;) leading to the appearance
of r in the bound. The bound is also influenced by the fact that ||®(x,%)||? can
be as large as s2. The proof of theorem 2 replaces the union bound over Y(x) by a
union bound over P(x) which is typically exponentially smaller.

At first theorem 1 and 2 may appear incomparable. However, theorem 2 dom-
inates theorem 1 when ¢ << r. To establish this one must make the two margin
requirements comparable. Margin requirements can be changed by rescaling the
weight vector. It is well known that in support vector machines one can either work
with unit norm weight vectors and bounds involving the margin, or work with unit
margin and bounds involving the norm of the weight vector. To compare theorems 1
and 2 we insert w/(2s) for w in theorem 1 to get the following equivalent statement.

4s2rm m
w Cos, §)  [fwlP | 1wl (455) +1n (2)
L (Q (23) ’ D) S o VTaem T S(m — 1) (1.17)

Los(w,8) = max d(yi, §I[m(w:, fu(x:), §,w) < 2] (1.18)
—  9€¥(=)

We now compare (1.17) with (1.14). We ignore the fact that the posteriors Q(w)
and Q(w/2s) are different. Showing that the right hand side of (1.14) dominates
the right hand of (1.17) shows that theorem 2 can provide a better guarantee than
theorem 1 even if that better guarantee is for a different classifier. We can also justify
ignoring the difference between Q(w) and Q(w/2s) with the claim that variants
of these bounds can be proved for deterministic classifiers and the deterministic
classifiers f,, and f,, /25 are the same. To compare the right hand sides of (1.17) and
(1.14) we first note that H(x;, fu(z;),§) < 2s and therefore Ly (w, S) < Laog(w, S).
Furthermore, for structured problems we have that r is exponentially larger than /¢
and hence the regularization term in (1.17) is larger than the regularization term
in (1.14).
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1.3 Hinge Loss

Support vector machines (SVMs) provide a popular alternative to logistic regression
for binary classification. In this section we consider generalizations of SVMs to
structured decoding. SVMs involve the optimization of hinge loss. When discussing
hinge loss and its relationship to generalization bounds the following notation for
the step function and the ramp function will be useful.

()" = Iz > 0]
(z), = min(0, )

In the case of binary classification we have y € {1, —1}. In this case we have that
(1.1) can be written as follows.

fuw(x) = argmax ®(x,y) - w = sign(P(x) - w) (1.19)
ye{-1,1}
where .
O(z,1) = =P(z,-1) = 5@(:@ (1.20)

A support vector machine selects w so as to minimize the following regularized
hinge loss objective function where y;(®(z) - w) is called the margin and (1 —m)
is called the hinge loss of margin m.

w* = argmin Y (1 = y;(D(x;) - w)), + A|w]|? (1.21)
Collins (3) considered structured SVMs using a multiclass hinge loss.
» . N 2
w* = argmin Y~ max (1 - m(z i, g ), + Al (122

Altun and Hoffman (1) proposed the following.

w* = argminz max d(y;, §) (1 —m(zi, i, §,w)) | + A Jwl[? (1.23)
w - Yy

Taskar Guestrin and Koller, (12), proposed the following.

w* = a’rgminz max (H(Z’l, Yi, :Z,A/) - m(xi, Yi, :gﬂ w))+ + >\||'LU||2 (124)
w - Yy

The optimizations (1.22), (1.23), and (1.24) all reduce to (1.21) in the case of
binary classification. The fact that theorem 2 dominates theorem 1 suggests that
(1.24) is preferable to (1.22) or (1.23). But the precise relationship between the
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generalization bounds and the various notions of hinge loss is subtle. Theorems 1
and 2 directly motivate the following.

w = argmin Y maxd(y;, §) (1 = m(as, fu(2:), §,w)) " + Allw]|? (1.25)
w ) )
Has fulw).d)
% . ~ Tiy Jw\Ti), Y 2
w* = argmin E max d(yi, 9) ( A ) + Al|wl| (1.26)
w i Y _m(miafw(xi)7y7w)

The optimization problems given by (1.25) and (1.26) are not convex in w. As a first
step in approximating these by convex functions we can replace the step functions
by ramps. This replacement yields the following.

w* = argmin y _ maxd(y;, §) (1 = m(@i, fu(®:), §,w)) ; + Afw]|” (1.27)
w X Y
: | H(wi, fuw(zi), 9)
* = d iy
w argwmln % m;x (yi, ) < )

+ A Jw||? 1.28
(i, ful: y,w>>+ el )

But (1.27) and (1.28) are still not convex. To see this consider the case of binary
classification under 0-1 distortion. Because d(y;, ) = 0 for § = y; we need consider
only the case where § # y;. If f,,(z;) = y; then (1 —m(x;, fu(2i),9,w)), equals
the binary hinge loss (1 — y;(®(z) - w)) . But if f,,(;) # yi — the case where the
classical margin is less than zero — then (1 —m(x;, fu(2i),9,w)), = 1. So in the
binary case (1 —m(x;, fu (%), 9, w)), is a continuous piecewise linear non-convex
function which equals the hinge loss for positive margin but equals the constant 1
for negative margin. A second step in making this convex is to replace f,(z;) by
the constant y;. With this replacement (1.27) becomes (1.23) and (1.28) becomes
the following.

w* = argminz rnz?xd(yl, Z)) (H(xuylag) - m(xia yiaga ’LU))+ + A||’LUH2 (129)
w .
It is interesting to note that (1.29) also reduce to (1.21) in the case of binary

classification. It is also interesting to note that replacing f, (z;) by y; in theorems
1 and 2 strictly weakens the bounds and causes them to be inconsistent.

1.4 Consistency

Consistency is an important criterion for generalization bounds. More specifically,
a bound is consistent if, in the limit of infinite data, the minimum of the bound
(over the parameter vector w) approaches the minimum distortion possible over the
allowed parameter space. The bounds in theorems 1 and 2 are both consistent in
this sense. We give a quick sketch of a proof for this in the finite dimensional case
where we have w € R¢. We consider only theorem 1, the argument for theorem 2 is
similar.
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Since the unit sphere in R¢ is compact, there must exist a vector w* on the unit
sphere minimizing generalization loss.

w* = argmin E(w)
w: |lwl]=1

€(w) =B 1) 1AW fu(2))]

All vectors in the same direction as w* yield the same classification function and
hence the same expected distortion. We define w?, to be the vector m'/3
is in the same direction as w* but has length m!/3. For a sample of size m we
consider the value of the generalization bound for the vector w},. Note that as
m — oo we have that ||wn,|| — oo but the regularization term for w}, goes

w* which

to zero. Furthermore, for vectors of sufficiently large norm, the only ¢ satisfying
m(zi, fu(2:),§) < 11is fy(x;). This means that for vectors of sufficiently large
norm we have that L£;(w,S)/m is essentially equivalent to the sample average of
d(x;,Yi, fw(z;)). Putting these two observations together we get that as m — oo
we have that the generalization bound for w}, must approach &(w*). Hence, as
m — oo the minimum of the generalization bound is at most €(w*). The algorithm
is guaranteed (with high probability) to perform as well as the minimum of the
generalization bound.

It is well known that the use of hinge loss in multiclass classification results in
inconsistent algorithms (8). The various forms of convex hinge loss discussed in sec-
tion 1.3 all fail to be consistent. It is possible to construct consistent forms of hinge
loss for nonparametric, i.e., infinite feature dimension, multiclass classification (8).
However, neither the convergence rates nor the practicality of these constructions
has been established for the case of learning decoders.

To show inconsistency of the Hinge losses considered in section 1.3, suppose that
X contains only a single element x and that Y is a finite set y1, yo, ..., Yk, and that
we are using 0—1 distortion. Further assume that there is an independent weight for
each y;. In other words, d = k and ®;(x,y;) is 1 if ¢ = j and zero otherwise so that
®(z,y;) - w = w;. In this case all four of the hinge loss rules (1.22), (1.23), (1.24),
and (1.29) are the same. We will work with the simplest form, (1.22). Assume that
A = 0 so that we simply want to minimize the hinge loss independent of ||w]||?. In
the limit of an infinitely large sample we have that the hinge loss term dominates
the regularization term. Furthermore, suppose that for each y; we have that the
probability of the pair (z,y;) is less than 1/2 (note that this cannot happen in
binary classification). Define the margin m; as follows.

m; = w; —Maxw;
J#i

In the limit of infinite training data we have the following.

w* = argmin i (1 —my 1.30
gmin > pi (1 mo). (130)

(2



1.4 Consistency 9

We will show that in this case the optimal value is achieved when all weights are the
same so that m; = 0 for all i. To see this consider any uniform vector w. Since the
objective function in (1.30) is convex it suffices to show that any variation in w fails
to improve the objective function. As an example of a simple variation suppose that
we increase the weight of the component w; corresponding to the choice minimizing
expected distortion. As we increase w; we increase m; but we decrease each m; for
J # i by the same amount. Given that p; < 1/2, the net effect is an increase in the
objective function. To prove that no variation from uniform improves the objective,
let A € R* be a vector and consider w’ = w + ¢A. We then have the following.

ami
Oe

=A; — Aj
g
To show that is a non-improving variation it suffices to show the following.
D pi(A; —max Aj) <0
- J#i
But this is equivalent to the following
Zpi T?QZXA;' = ZpiAi
i i

This can be derived as follows where i* is argmax,; A; and j* is argmax; ;. A; and
the last line follows from the assumption that p; < 1/2.
D pimaxAj =piAje + > piA;-

i J# J#i*

= pirDje 4 > pi (A + (A — 4))
i#i

> pieje + | Do Pl | 4+ (1= pis) (A — Aje)
g
= pie D + i (Aje = Aix) + | D0 | + (1= pis)(Ai= — Aje)
g
= il + (Aie — Aj) (1 2p;-)

> ZpiAi
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Now we argue for the consistency of (1.25) and (1.26). If we hold A/n fixed and
let the sample size go to infinity then (1.25) and (1.26) become the following where
N =A/n

W = rgnin ) ey, 6) (- e fulo). gl |+ XlP )

( H(z, fu(2),9)
),

max d(y, Y
Y (y y) _m(x7fw(x va

+
* . ! 2
w* = argurjrllnE<x,y>ND : ) ) + N|w|]* (1.32)
Now we consider the limit of (1.31) and (1.32) as A’ — 0. Intuitively this limit gives

the following.

w = arglruninE@, y)~D {mgxd(y,g)) (1 —m(zx, fu(x), g),w))ﬂ (1.33)

W = argin ) . 6) (e fo(e),6) = e fule) o) | (1230

The optimizations (1.33) and (1.34) yield very large vectors which drive any nonzero
margin to be arbitrarily large. The direction of the optimal vector for both (1.33)
and (1.34) is then given by the following.

w* = a,rg;nin E<x’ y>~D [d(y, fw(x))] (135)

To convert this argument into a formal proof one needs to give an explicit schedule
for A as a function of sample size and show that this schedule corresponds to taking
m to infinity holding A’ constant and then taking A’ to zero. It should suffice to
consider the “schedule” obtained by optimizing A with hold-out data.

1.5 A Generalization of Theorem 2

We define two steps of increasing generality — a generalization to allow for
kernels and a second generalization that generalizes the notion of part. The first
generalization replaces (1.6) by the following where V¥ is a feature map on parts.

O(z,y)= D clp(,9)¥(p) (1.36)

peP(x)

This generalization is important when the parts themselves contain vectorial data.
For example, in speech recognition the observable state in an HMM is often taken
to be an acoustic feature vector. In (1.36) we have ¥(p) € R? where we allow
d = oo with the understanding that R is the vector space of square summable
infinite sequences. For the d = oo case it is usually more convenient to work in a
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reproducing kernel Hilbert space (RKHS) defined by a kernel K in which case the
decoder specified by weight function g is defined as follows.

folw) = argmax Y e(p, (2,5))9(p) (1.37)

y€Y(x) peP(z)

Formulation (1.37) is equivalent to (1.36) with d = oo and we will work only with
(1.36).

We now generalize the notion of part. As before we now assume sets X and Y with
a distribution D on X x Y with the property that for all 2 € X the marginal P(:|z)
has a countable support Y(z). We also assume a feature map ® with ®(z,y) € R¢
where, as above, we allow d = co. But rather than assume parts, we assume that
for each € X we are given a set of ¢(x) independent vectors B(x) such that for
all § € Y(z) we have that ®(x,7) is in the linear span of B(x). The vectors ¥(p) in
(1.36) form such a basis. We let ¥;(x) denote the ith vector in the basis B(z). We
can then generalize (1.36) to the following.

£(x)

O(x,y) = > yilx,y)Wi(x) (1.38)

i=1

The difference between (1.36) and (1.38) is actually quite minor. In (1.38) we have
that 7;(x,y) is any real number while in (1.36) we have that c(p, (z,y)) must be a
count — a non-negative integer. We now assume two quantities ¢ and R such that
for all x € X we have the following.

lz) <t (1.39)
[T;(z)|| < R (1.40)

We now state the generalization of theorem 2.

Theorem 3 With probability at least 1 — § over the choice of the training data we
have that the following holds simultaneously for all weight vectors w.

2¢m m
Lg(w, S) N R?|jw]|[? N R2[[w[[*In (_R2Hw||2) +In (%)

L(Q(w), D) < ——— - 2= 1) (1.41)

LH(w7S) = Z g}gl}?(};) d(y“ Q)I[m(xiafw(xi)ang) < H(xi’fw(xi),g)] (1'42)
@

H(x,y,;&) :Z |’7i(‘r’:g) _7i(x,y)| (143)

The proof of this more general theorem is a straightforward generalization of the
proof of theorem 2 and is not given here.
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1.6 Proofs of Theorems 1 and 2

All our proofs use the PAC-Bayesian theorem (9; 11; 7; 10).

Lemma 4 (PAC-Bayesian Theorem) For sets X and Y, any probability distri-
bution D on X x Y, any distortion function d on Y x Y with 0 < d(y,4) < 1, any
decoder fy, : X — Y parameterized by parameter vector w, and any prior probability
density P on the parameters w, we have that with probability at least 1 — & over
the drawn of a sample S = ((x1,y1),- -, (Tm,Ym)) from distribution D that the
following holds simultaneously for all densities Q on parameters.

L@Q.D) < L(Q.9) + ¢ R (144
where

L@.D) =By ) _p oo [, fule)] (1.45)

L(@8) = = " Fung d(ui, (i) (1.46)

Quadratic regularization corresponds to a Gaussian prior. We consider the d = oo
case of a Gaussian process prior as the limit of the finite d case as d increases without
bound. More specifically, we take the “prior” density to be a unit-variance isotropic
Gaussian on weight vectors defined as follows.

p(w) = %eXP <|wz||2)

Theorems 1 and 2 govern the distortion of a stochastic decoder that stochastically
draws w’ from a distribution Q(w). We now define the density Q(w) as follows.

q(w’ | w) = %exp (—(1/2)|(w" = aw)[[*) (1.47)

Here « is a scalar multiple which will be optimized later. The distribution Q(w)
is a unit-variance Gaussian about centered at aw. If « is very large then the vast
majority of vectors drawn from @Q(w) will be in essentially the same direction as w.
So by tuning « we can tune the degree to which Q(w) is concentrated on vectors
pointing in the same direction as w. The KL divergence from @ to P can be solved
analytically as follows.

o?||wl]?
2
To apply the PAC-Bayesian theorem it remains only to analyze the training

loss L(Q(w), S). In analyzing the training loss we can consider each training point
(x4, y;) independently.

KL(Q(w) || P) = (1.48)
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m

L(Q,S) = % > L (1.49)
i=1
L;= Ew’NQ(w) [d(yza fw’ (fz))} (150)

In analyzing L; we have that f,(x;) is a random variable based on the random
draw of w’. The difference between theorem 1 and theorem 2 involves a different
way of analyzing the random variable f,(x;). For theorem 1 we use the following
lemma.

Lemma 5 For s and r as defined at the start of section 1.2 and o defined by

rm
a=54/8In ()
||w]|[?

L[w]|?

we have that with probability at least 1 — over the selection of w' the following

holds.
fw/(xi) S {g : m(zi,fw(xi)agaw) S 1}

Proof Let §; abbreviate f,(z;). We first note that by a union bound over the
elements of Y(x;) it suffices to show that for any given § with m(x;, §;, §,w) > 1,
the probability that f,(z;) = ¢ is at most ||w||?/(rm). Consider a fixed § € Y(z;)
with m(z;, §;, J,w) > 1. We analyze the probability that the choice of w’ overcomes
the margin and causes ¢ to have a better score than ¢;. We first note the following
for any vector ¥ € R? with ||¥|| = 1 and any € > 0.

)
Puinqu) (0w —w') - ¥ > €] < exp (76) (1.51)

For A(x;, §i,9) = ®(x4,9;) — ®(24,9) we then have the following.

m(xiagi7g7w> = A(Q’J“gz,ﬂ) Tw
Az, 93, 9)]] < 2s

Inserting A(x;, i, 9)/||A(xs, i, §|| into (1.51) yields the following.

o o o —€?
Pw'NQ(’w) [m(xiayiay)w/) < am<xi7yiay?w) - 6||A(xzaylvy)|| ] < exp ( 2 )
o, o €
Pt (e, i) < 0 = | ) 1 < exo (5
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Setting € equal to «/||A(x;, §s, §|| we get the following.

Pw/N w m x‘,g'yva, SO Sexp (M>
Qw) [m(@s, §i )< 0] 2/|A (w4, 9i, 9)|]?

P\ ST A T = o
2||A(J;17 Yis y)||2
2

—
sexp | g7

Setting « as in the statement of the lemma finishes the proof. [

IN

Puinqw) [fu (7:) = )]

Theorem 1 now follows from the PAC-Bayesian theorem, (1.48), and lemma 5.
Theorem 2 follows from the PAC-Bayesian theorem, (1.48), and the following lemma
which is similar in form to lemma 5.

Lemma 6 For s and ¢ as defined at the start of section 1.2 and « defined by

a=4/2In (%)
[[wl|

|lw]|?
m

we have that with probability at least 1 — over the selection of w' the following

holds.
fw’(xi) € {g : m(xiyfw(xi)7g7w> < H(x“fw(xl)ang)} (152)

Proof Again let §; denote fy,(z;). First we note that for any p € P(x;) we have
the following.

_ 2
Punqu) [[wp — awy| > €] < 2exp (%) (1.53)
Setting € to «, for the above value of «, gives the following.
Puinq) [[w, — awy| > a] < Il (1.54)
“ s P P = - Im

Now taking a union bound over the elements of P(x;) we get that with probability
2
1-— % the following holds simultaneously for all p € P(z;).

4 p—

lwy, — aw,| < « (1.55)
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Now assume that (1.55) holds for all p € P(xz;). Consider g such that m(z;, §;, 9, w) >
H(z;,9i,7). Let A(xy, 95, 9) denote ®(x;,9;) — P(z4, 7). We now have the following.

m(xiagivngl) (156)

= m(miagivgaaw+ (w/ —O[U))) (157)

= am(xi7g’ivg7w) - A(xia Quﬁ) : (aw - ’lU/) (158)

Z O[H(mza?}n:g) - Z (C(p7 <xu?}b>) _C(p7 <xi7ig>)>|awp _w‘; (160)
pEP(z4)

ZCYH(%,Z)Z’?)) - Z |C(p, <$17gl>) _C(p7 <xlag>)|a (161)
pEP(z4)

0 (1.62)

Since m(x;, §;, ¥, w') > 0 we have that f,(z;) # § and the lemma follows. |

1.7 Discussion

One of the goals of learning theory is to provide guidance in the construction
of learning algorithms. This paper provides consistent generalization bounds for
learning decoders (structured output learning). These new bounds improve previous
bounds by achieving consistency for arbitrary distortion (loss) functions. These new
generalization bounds seem to provide insight into the various notions of hinge
loss that have been proposed for learning decoders and suggest that nonconvex
optimization may achieve superior, or at least consistent, generalization.
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