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Abstract

We propose an athe extension to ADDs

(AADD) capable of compactly represering

context-speci ¢, additive, and multiplicativ e
structure. We show that the AADD hasworst-

casetime and spaceperformancewithin a mul-

tiplicativ e constart of that of ADDs, but that it

canbelinear in the number of variablesin cases
where ADDs are exponertial in the number of
variables. We provide an empirical comparison
of tabular, ADD, and AADD represettations

usedin standard Bayesnet and MDP inference
algorithms and conclude that the AADD per-
forms at leastaswell asthe other two represen-
tations, and often yields an exponertial perfor-

mance improvemert over both when additive
or multiplicativ e structure can be exploited.

Theseresults suggestthat the AADD s likely
to yield exponertial time and spaceimprove-
mernts for a variety of probabilistic inferenceal-

gorithms that currently usetables or ADDs.

1 Intro duction

Algebraic decisiondiagrams (ADDs) [1] provide an e+-
cient meansfor represering and performing arithmetic
operations on functions from a factored booleandomain
to a real-valued range (i.e.,, B" ! R). They rely on two
main principles to do this:

1. ADDs represent a function B" | R as a directed
acyclic graph { essetially a decisiontree with re-

convergert branchesand real-valuedterminal nodes.

2. ADDs enforcea strict variable ordering on the de-
cisionsfrom the root to the terminal node, enabling
a minimal, canonical diagram to be produced for a
givenfunction. Thus,two identical functions will al-
ways have identical ADD represenations under the
samevariable ordering.

As shawn in Figure 1, ADDs often provide an ex-
cient represenation of functions with conext-speci ¢
independence[2], sud as functions whose structure is
conjunctive (1a) or disjunctive (1b) in nature. Thus,
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Figure 1: Some example ADDs showing a) conjunctive
structure (f = if (a” b” c;1;0), b) disjunctiv e structure
(f = if (a_b_c;1,0)), and c) additive (f = 4a+ 2b+ ¢)
and multiplicativ e (f = °43*25*¢) strycture (top and bottom
setsof terminal values, respectively). The high (true) edgeis
solid, the low (false) edgeis dotted.

ADDs can o®er exponertial spacesavings over a fully
enumerated tabular represenation. However, the com-
pactnessof ADDs doesnot extend to the caseof additive
or multiplicativ e independence,as demonstrated by the
exponertially large represenations when this structure
is present (1c). Unfortunately sud structure often oc-
cursin probabilistic and decision-theoreticreasoningdo-
mains, potentially leading to exponertial running times
and spacerequiremerts for inferencein these domains.

2 Azne Algebraic Decision Diagrams

To addressthe limitations of ADDs, we introduce an
atne extensionto the ADD (AADD) that is capableof
canonically and compactly represerning context-speci c,
additive, and multiplicativ e structure in functions from
B" ! R. Wede ne AADDs with the following BNF:

G = c+bF

F u= 0jif (F¥;ch+ bhFn;0+ bF)
Here, ¢, and ¢ are real (or °oating-p oint) constarts in
the closedinterval [0;1], b, and by are real constarts in
the half-open interval (0;1], FY® is a boolean variable

assaiated with F, and F;, and F;, are non-terminals of
type F. We alsoimposethe following constraints:
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Figure 2: Portions of the ADDs from "gure 1c expressedas
generalized AADDs. The edgeweights are given as hc;bi.

. The variable FV&" doesnot appearin Fy, or F,.

. min(cy;q) =0

max(c, + by;c+h)=1

. If Fy = 0then b, = 0 and ¢, > 0. Similarly for F,.

. In the grammar for G, we require that if F = 0then
b= 0, otherwiseb> 0.

Expressionsin the grammar for F will be called normal-
ized AADDs and expressionsin the grammar for G will
be called generalizedAADDs. *
Let Val(F; %} bethe value of AADD F under variable
value assignmen Y2 This can be de ned recursively by
the following equation:
8
< F=0: 0

Val(F;4=  F 6 0" 4FY¥ ) =true: cn+ by ¢Val(Fn;%
© F60MNYF'*)=false: ¢ + b ¢Val(F;¥)
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Lemma 2.1. For any normalized AADD F wehavethat
Val(F;% is in the interval [0;1], miny,Val(F;%) = 0O,
and if F 6 0 then max,,Val(F;% = 1

We say that F satis es a given variable ordering if
F = 0or F is of the form if (FV®;c, + byFn;c + bF)
where FY& doesnot occur in F,, or F; and FVY& s the
earliest variable under the given ordering occuring in F.
We say that a generalizedAADD of form c+ bF satis es
the order if F satis es the order.

Lemma 2.2. Fix a variable ordering. For any non-
constant function g mapping B" j! R, there exists a
unique generlized AADD G satisfying the given vari-
able ordering such that for all %22 B" we have g(4 =
Val(G; 4.

Both lemmascan be proved by straightforward induc-
tion on n. The secondlemma shaws that under a given
variable ordering, generalizedAADDs are canonical,i.e.,
two identical functions will always have identical AADD
represenations.

As an example of two AADDs with compact additive
and multiplicativ e structure, Figure 2 shows portions of

1Since normalized AADDs in grammar F are restricted
to the range [0; 1], we needthe top-level positive atne trans-
form of generalized AADDs in grammar G to allow for the
represertation of functions with arbitrary range.

Figure 3: Two AADD nodesF; and F, and a binary oper-
ation op with the corresponding notation usedin this paper.

the exponertially sizedADDs from Figure 1crepresered
by generalizedAADDs of linear size.

We let op denote a binary operator on AADDs with
possible operations being addition, substraction, multi-
plication, division, min, and max denoted respectively
as®©, 2, -, ®, min(¢9, and max(¢ 9.

3 Related Work

There has been much related work in the formal veri -
cation literature that has attempted to tackle additive
and multiplicativ e structure in represertation of func-
tions from B" ! B™. Theseinclude *BMDs, K*BMDs,
EVBDDs, FEVBDDs, HDDs, and *PHDDs [3]. While
spacelimitations prevent us from discussingall of the
di®erencesbetween AADDs and these data structures,
we note two major di®erences:1) Thesedata structures
have di®eren canonicalforms relying on GCD factoriza-
tion and do not satisfy the invariant property of AADDs
that internal nodes have range [0;1]. 2) The fact that
these data structures have integer terminals (B™) re-
quires a rational or direct °oating-p oint represeration
of valuesin R. In our experience, this renders them
unusable for probabilistic inference due to considerable
numerical precision error and computational dixculties.

4  Algorithms

We now de ne AADD algorithms that are analogs of
thosegiven by Bryant [4]? exceptthat they are extended
to propagate the atne transform of the edge weights
on recursion and to compute the normalization of the
resulting node on return.

All algorithms rely on the helper function GetGN ode
givenin Algorithm 1 that takesan unnormalized AADD
node of the form if (v;cy+ b Fp; g+ F)) andreturns the
cadhed, generalizedAADD node of the form he, + by F,i .3

4.1 Reduce

The Reduce algorithm given in Algorithm 2 takes an
arbitrary ordered AADD, normalizesand cacesthe in-
ternal nodes, and returns the corresponding generalized
AADD. One nice property of the Reduce algorithm is
that one doesnot needto prespecify the structure that

2Bryant gives algorithms for binary decision diagrams
(BDDs), but they are essetially identical to those for ADDs.

3In the algorithms we use the represertation hc;b;Fi,
while in the text we often usethe equivalent notation hc+ bFi
to make the node semartics more clear.



Algorithm  1: GetGN ode(v; hen; by Fri;ho; b Fii) i !

he ;b Fri
input sv;hen;bn; Faisbes b Fri o Var, o®set, mult,
and node id for high/lo w branches
output : hc ;b ;Fri @ Return values for o®set,
multiplier, and canonical node id
begin

/I If branchesredundant, return child
if(c|:ch"b:bn"F|:Fh)then
| return ho; b Fii;

/Il Non-redundant so compute canonical form

Fmin := MiN(C;Ch); rmax := Max(c + b;c, + ),
lrange = max i Imin ;

C = (G Imin ):rrang e; Ch:=(Chi min ):rrang el
b= b=rrange; b= h=rrange;

if (hv;hcn;bn;Fri;ho;b; Fiii ! oid is not in node
cache) then

id := currently unallocated id;
insert hv;hcy;bn; Fri;he b Fii ! oid in cadhe;
/I Return the cached, canonical node
return Wmin ;rrange;idi ;

end

Algorithm  2: Reducehc;b;Fi) i! he ;b Fri
input s he;b;Fi : O®set, multiplier, and node id
output : hc ;b ;Fri @ Return valuesfor o®set,

multiplier, and node id
begin
/I Check for terminal node
if (F = 0) then

| return hc;0;0i;

/I Check reduce cache

if (F! hc;b;Feiis notin reduce cache) then
/I Not in cache, so recurse

heh by Fri = Reducdcn; by Fn);

hci; b Fii := Reduce(ci; b Fi);

/I Retrieve canonical form

/I Put in cache
insert F ! hc ;b ;F i in reduce cadhe;

/I Return canonical reduced node
return hc+ bdc ;beh ; Fri;

end

the AADD should exploit. If the represerted function
contains context-speci ¢, additive, or multiplicativ e in-
dependencethe Reducealgorithm will compactly repre-
sen this structure uniquely and automatically w.r.t. the
variable ordering as guaranteed by previous lemmas.

4.2  Apply

The Apply routine given in Algorithm 3 takestwo gen-
eralized AADD operands and an operation as given in
Figure 3 and producesthe resulting generalizedAADD.

The cortrol °ow of the algorithm is straightforward: We
rst chedk whether we can compute the result immedi-
ately, otherwisewe normalize the operandsto a canonical
form and ched if we can reusethe result of a previously
cached computation. If we can do neither of these, we
then choosea variable to branch on and recursively call
the Apply routine for ead instantiation of the variable.
We cover these stepsin-depth in the following sections.

Terminal computation

The function ComputeResult given in the top half of
Table 1, determinesif the result of a computation can
be immediately computed without recursion. The rst
entry in this table is required for proper termination of
the algorithm asit computesthe result of an operation
applied to two terminal 0 nodes. Howevwer, the other
entries denote a number of pruning optimizations that
immediately return a node without recursion. For ex-
ample, given the operation i3+ 4F;i © 5+ 6F;i, we can
immediately return the result B8+ 10F;i.

Recursiv e computation

If a call to Apply is unable to immediately compute a
result or reusea previously cached computation, we must
recursively compute the result. For this we have two

caseqthe third casewhereboth operandsare 0 terminal
nodeshaving beentaken care of in the previous section):

F1 or F, is a O terminal node, or Fy® 6 FJ2: We
assumethe operation is commutative and reorder the
operandssothat F; is the 0 node or the operand whose
variable comeslater in the variable ordering.* Then we
propagate the atne transform to ead of F,'s branches
and compute the operation applied separatelyto F; and
each of F,'s high and low branches. We then build an if
statemert conditional on Fy# and normalizeit to obtain
the generalizedAADD node hc;; Iy ; Fi for the result:

heh; bn; Frni = Apply(hcy; by Faiyhce + beCoin s bebpn s Foini; 0p)
ho; b Fii = Apply(he; b Fai; hee + beCoy ;s b2by s Fay i 0p)

he: ;b ; Fri = GetGN ode(F, ™ ;hoh;bn; Frishos b Fii)

F1 and F; are non-terminal nodes and Fy® = FJ2:
Sincethe variablesfor ead operand match, we know the
result he; by ; Fri is simply a generalizedif statemert
branching on Fy?" (= FJ2") with the true casebeing
the operator applied to the high branchesof F; and F,
and likewisefor the false caseand the low branches:

hen; bn; Fri = Apply(hcy + biCan s bubun s Fani;
hco + beCon ; beboin s Foni; 0p)

hois b Fii = Apply(hey + bucyy; bobyy s Fogi
hco + bpCoy s oy s Foyi; Op)
he: ;b ; Fri = GetGN ode(F{™ ; hon;bn; Fai;hos b Fii)

“We note that the rst caseprohibits the use of the non-
commutative? and ® operations. However, a simple solution
would beto recursively descendon either F; or F; rather than
assuming commutativit y and swapping operands to ensure
descert on F,. To accommadate general non-commutativ e
operations, we have usedthis alternate approach in our spec-
i cation of the Apply routine given in Algorithm 3.

he ;b Fri = GetGN ode(F Y3 ; hen; by Frishas b Fii);



Canonical caching

If the AADD Apply algorithm were to compute and
cache the results of applying an operation directly to the
operands, the algorithm would provably have the same
time complexity asthe ADD Apply algorithm. Yet, if we
wereto compute 0+ 1F;i ©0+ 2F,i and cachethe result
he, + b Fri, we could compute b6+ 2F1i © 4+ 4F,i =
h(2c;, + 9) + 2b F,i without recursion.

This suggestsa canonicalcading schemethat normal-
izesall cache ertries to increasethe chanceof a cache hit.
The actual result can then be easily computed from the
cached result by reversing the normalization. This en-
suresoptimal reuse of the Apply operations cache and
can lead to an exponertial reduction in running time
over the non-canonical caching version.

We intro duce two additional functions to perform this
cading: GetN ormCacheKey to compute the canonical
cache key, and M odif yResult to reversethe normaliza-
tion in order to compute the actual result. These algo-
rithms are summarizedin the bottom half of Table 1.

4.3 Other Op erations

While spacelimitations prevent us from covering all of
the operations that can be performed (exciently) on
AADDs, we brie°’y summarize someof them here;

min and max computation: The min and max of a
generalizedAADD node hc+ bFi are respectively ¢ and
c+ bdueto [0; 1] normalization of F.

Restriction:  The restriction of a variable x; in a func-
tion to either true or false (i.e. Fjy,=1=) can be com-
puted by returning the proper branch of nodes cortain-
ing that test variable during the Reduceoperation.
Sum out/marginalization: A variable x; can be
summed (or marginalized) out of a function F simply
by computing the sum of the restricted functions (i.e.
Fix,;=T ©Fjx,=F).

Negation/recipro  cation: While it may seem that
negation of a generalized AADD node hc + bFi would
be as simple as hjc+ j bFi, we note that this vio-
lates our normalization scheme which requires b > 0.
Consequetly, negation must be performed explicitly as
02 hc+ bFi. Likewise,reciprocation (i.e., ﬁ) must
be performed explicitly as1® hc+ bFi.

Variable reordering: A generalization of Rudell's
ADD variable reordering algorithm [5] that recomputes
edge weights of reordered nodes can be applied to
AADDs without lossof exciency.

4.4 Cache Implemen tation

If onewereto usea naive cache implementation that re-
lied on exact °oating-p oint valuesfor hashingand equal-
ity testing, onewould nd that many nodeswhich should
be the sameunder exact computation often turn out to
have o®setsor multipliers di®ering by § 1e-15 due to nu-
merical precisionerror. This canresult in an exponertial
explosion of nodesif not cortrolled. Consequetly, it is
better to use a hashing scheme that considersequality
within somerange of numerical precision error 2. While

Algorithm  3: Apply(hcy; by; Fai; hep;bp; Faisop) !
he s by Fri
input by by Fai; oo by Foi;op : Nodesand op
output : hc;by;Fri @ Generalized node to return
begin

/I Check if result can be immediately computed

if (ComputeResult(hcy;by; Fii;hca; bp; Fai;op) !
he ;b s Friois not null ) then

| return ho ;b Fri;

/I Get normalized key and check apply cache
hied; i ; hed; i =

GetN ormC acheK ey(hcy; by ; Fai; hee; by Fai; op);
if (hRe;B;Fai;hed;b3; Faizopi ! horsby;Fri is not
in apply cache) then
/I Not terminal, so recurse
if (F1 is a non-terminal node) then
if (F2 is a non-terminal node) then

if (FY* comes before F;2") then

| var ;== F/¥;
else
| var = F/*;

else
| var = F/¥;

else
| var:= F/%;

/I Propagate atne transform to branches

if (F1 is non-terminal ~ var = F{?") then
FYYi= Foy; FYY:= Fin;
gt=d+ecy; ati=dd+ B ¢y
Bt =1 ebyy; byt = b ey

else

| F&% = Fu oo =l b o= b

if (F2 is non-terminal ~ var = F;?") then
F'2 = Fay; FY?:= Fon;
2= @+ B eey; o = B+ B Cezn;
b'? = by ¢hpy; b7 = B Gl

| Fi=Fa o =3 b =1

/I Recurse and get cachel result

horsb; Fii = Apply(ha'®; b Bt e B2, FY2i s op);

hon; ba; Fri = Apply(heht; bt Fy i hef?; B2 B2 op);

he ;b Fri := GetGN ode(var; hon ;b Fris b Fii);

/I Put result in apé)ly cache and return

insert hod;b);F1;3;19; F2;0pi ! ho by Fri

| into apply cade;

return M odif yResult(hc: ;b ; Fri);

end

it is dizcult to guarantee such an exact property for
an excient hashing scheme, we next outline an approx-
imate approac that we have found to work both ex-
ciently and nearly optimally in practice.

The node cache usedin GetGN ode and the operation
result cache usedin Apply both usecace keyscontaining
four °oating-p oint values(i.e., the o®setsand multipliers



ComputeResult(hcy; by; Fii; hep; b Fai;op) j !

hc ;b s Fri

Op eration and Conditions

Return Value

hcy + b Fii h)pI he, + bFoi; F1=F,=0

r(Cl m[] Cz) + 0¢0i

max(hcy + biFii;he, + bpFoi); o+ b - o hc, + pFai
max(h:l + blFli;I"Cz + szzi); C+b- ¢ hcy + by Fqi
hcy + biFii © hey + bpFoi; Fi= Fo hci + c) + (I + bp)Fai

max(hcy + biFii;he + bpFai); Fi = Fo;
G, b, b)) (2, by, bi)

Ci, " b, bp:hy + bFqi
C, by, by:ho+ bpFii

Note: for all max operations above, return opposite for min

hc + biFqi hopi he; + bpF2i; F2 = 0;0p2 fO© ;29

f'(Cl m[] Cz) + b Fqi

hcy + biFii hopi he; + bpFai; F2= 0;c2, O;0p2 f- ;®g

r(Cl h)p| Cz) + (bl h)pl Cz)Fli

Note: above two operations can be modi ed to handle F; = 0 when op 2 f© ;-g

other

| null

GetN ormC acheKey(hcy; by ; Fii; heo; b Fai; op) !

hied; Bihed; Bii and M odif yResult(hc ;b ; Fri) !

he?; b Fi

Op eration and Conditions

‘ Normalized Cache Key and Computation

‘ Result Mo di cation

hcy + biF1i © ey + bpFai; F16 0 | hee + b Fri = MO+ 1F1i © O+ (bp=hy)Foi

hci+ ¢+ buc) + bib Fri

hoy + biFi @ hop + boFoi; F1 6 0 | ho + by Fei = O+ 1F1i @ O+ (bp=h)Foi

hcri 2+ bie) + bib Fri

hcy + biFii - heo + bbFoi; F1 6 0 hee + b Fri = |"(C1:b_L) + Fii - r(sztk) + Foi

hoybpc + bbb Fri

hcy + biF1i ® hey + pFoi; F16 0 | her + bk Fri = |’(01:b1) + Fqi ®f"(02:bz) + Fai

b =lp)c + (bi=kp)br Fri

F, 6 0, Note: samefor min

max(hcy + byFqi;hc + bpFai); he, + b Fri = max(h0+ 1F1i;h(cz i c)=h + (bp=h)F2i)

hcw + e ) + bib Fi

hcy + by Fii I"DpI hco + bpFai

any hopi not matching above: he, + by Fri = heg + biFai hopi he; + by Fai

her + b Fri

Table 1: Input and output summaries of the ComputeResult, GetN ormC acheK ey, and M odif yResult routines.

for two AADD nodes). If we consider this 4-tuple of
°oating-p oint valuesto be a point in Euclidean space,
then we can measure the error between two 4-tuples
huyp;uz;us; ugi and hvy;vo; vs; vai asthe Lo (Euclidean)
distance betweenthese points. As a consequencef the
Hiangle inequality for four dimensions, we know that
(Wi v1)2+ (Ui V2)2+ (U3 V3)2+ (Ugi Vg)? - 2
) J U+ Up?+ Ug® F Uug® it + Vol Vgt vdj . 2
This is shown graphically for two dimensionsin Figure 4.
Basedon this inequality, we can usethe following ap-
proximate hashing scheme for hvy;vy;vs;vai: Compute
the L, distance between hvy;Vvy;vs;v4i and the origin;
For hashing, extract only the bits from the °oating-p oint
baserepreserting a fractional portion greaterthan 2 and
use this as the integer represettation of the hash key
(we are e®ectiwely discretizing the distancesinto buckets
of width 2); For equality, test that the true L, metric
betweenhuy; uy; usz; usi and hvy; vo; va;vai is lessthan 2.
While this hashing schemedoesnot guararntee that all
4-tuples having distancefrom the origin h0; 0; 0; Oi within
2 hashto the samebucket (some 4-tuples within 2 could
fall over bucket boundaries), we found that with bucket
width 2 = 1e-9 and numerical precision error generally
lessthan 1le-13, there was only a small probability of
two nodesequal within numerical precision straddling a
bucket boundary. For the empirical results described in
Section 6, this hashing schemewas sutcient to prevent
any uncortrollable casesof numerical precision error.

Figure 4: A 2D visualization of the hashing scheme we use.
All points within 2 of huy; u2i (the dark circle) lie within the
ring having outer and inner radius = u;2 + u,2 § 2. Thus,
a hashing scheme which hashesall points within the ring to
the same bucket guaranteesthat all points within 2 of huy; uzi
also hash to the samebucket. We can use squared distances
to avoid a* -, thus the hash key for hvi;v2i can be etciently

computed asthe squared distance from hvy; v2i to the origin.

5 Theoretical Results
Here we presert two fundamental results for AADDs:

Theorem 5.1. The time and space performance of
Reduceand Apply for AADDs is within a multiplicative
constant of that of ADDs in the worst case.

Proof Sketch. Under the same variable ordering, an
ADD is equivalert to a non-canonical AADD with xed
edgeweights ¢ = 0O;b = 1. Thus the ADD Reduce
and Apply algorithms can be seenas analogs of the
AADD algorithms without the additional constart-time
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and constart-space overhead of normalization. Since
normalization can only increasethe number of Reduce
and Apply cade hits and reduce the number of cacdhed
nodes, it is clearthat an AADD must generateequal or
fewer Reduce and Apply calls and have equal or fewer
cached nodesthan the corresponding ADD. This allows
us to concludethat in the worst casewhere the AADD

generatesasmany Reduceand Apply callsand cache hits
as the ADD, the AADD is still within a multiplicativ e

constart of the time and spacerequired by the ADD.

Theorem 5.2. There exist functions F; and F> and an
operator op such that the running time and space per-
formance of Apply(F1;F2;op) for AADDs can be linear
in the numkber of variableswhenthe correspnding ADD
operations are expnential in the number of variables.

Proof Sketch. Two functions qad Apply ogeratlon exam-
eswhereth holdstrue are _; 2x;© [_; 2'x; and

021X _ _” . (Examples of theseoperandsas
ADDs and AADDs were givenin Figures 1cand 2.) Be-
causethesecomputations result in a number of terminal
values exponertial in n, the ADD operations must re-
quire time and spaceexponertial in n. On the other
hand, it is known that the operandscan be represenied
in linear-sizedAADDs. Due to this structure, the Apply
algorithm will begin by recursing on the high branch of
both operandsto depth n. Then, at ead step asiit re-
turns and recursesdown the low branch, the respective
additive and multiplicativ e di®erencewill be normalized
out due to the canonical caching scheme, thus yielding
cadhe hits for all low branches. This results in n caced
nodesand 2n Apply calls for the AADD operations.

02X|

6 Empirical Results

6.1 Basic Op erations

Figure 5 demonstratesthe relative time and spaceper-
formance of tables, ADDs, and AADDs on a number of
basic operations. These verify the exponertial to linear
spaceand time reductions proved in Theorem 5.2.

6.2 Bayes Nets

For Bayes nets (BNs), we simply evaluate the variable
elimination algorithm [6] (under a "xed, greedy tree-
width minimizing variable ordering) with the conditional

1 2% max(

2'Xi; ; 2'x;). Note the linear time/space for AADDs.

probability tables (CPTs) P; and corresponding opera-
tions replacedwith thosefor tables, ADDs, and AADDs:
X Y

P1(x1jParents(x1)) ¢¢¢P; (x; jParents(x;))
Xj2Quer y P1::P

Table 2 shows the total number of table entries/no des
required to represenn the original network and the
total running time of 100 random queries (eacth
consisting of one query variable and one evidence
variable) for a number of publicly available BNs
(http://www.cs.huji.ac.il/llabs/c ompbio/Repository) and
two noisy-or and noisy-max CPTs with 15 parent nodes.

Note that the intermediate probability tables were
often too large for the tables or ADDs, but not the
AADDs, indicating that the AADD was able to exploit
additiv e or multiplicativ e structure in these cases.Also,
the AADD vyields an exponertial to linear reduction on
the Noisy-Or-15 problem and a considerablecomputa-
tional speedupon the Noisy-Max-15 problem by exploit-
ing the additive and multiplicativ e structure inherent in
these special CPTs [7].

6.3 Mark ov Decision Pro cesses

For MDPs, we simply evaluate the value iteration algo-
rithm [8] using a tabular represenation and its exten-
sion for decision diagrams [9] to factored MDPs from
the SysAdmin domain [10].° Here we simply substitute
tables, ADDs, and AADDs for the reward function R,
value function V, and transition model dynamics P; in
the following factored MDP value iteration update:

VU (s1;iiiisn) = R(S1;:ii8n) +
X Y

#

° max
a

Pi (s’jP arents(s?); a)
sYmsQ P1mPp

Figure 6 shows the relative performanceof value itera-
tion until corvergencewithin 0:01 of the optimal value

5In these domains, there is a network of computers whose
operational status (i.e., running or crashed) at each time step
is a stochastic function of the previous status of computers
with incoming connections. At ead time step the task of the
system administrator is to choosethe computer to reboot in
order to maximize the sum of operational computers over a
discounted reward horizon.



Bayes Net Table ADD AADD

# Table Entries | Running Time | # ADD Nodes | Running Time | # AADD Nodes | Running Time
Alarm 1,192 2.97s 689 242s 405 1.26s
Barley 470,294 EML” 139,856 EML" 60,809 207 m
Carpo 636 0.58 955 0.57s 360 0.49s
Hail nder 9045 26.4s 4511 9.6s 2538 2.7s
Insurance 2104 278s 1596 116s 775 37s
Noisy-Or-15 65566 275s 125356 50.2s 1066 0.7s
Noisy-Max-15 131102 334s 202148 425s 40994 58s

Table 2: Number of table entries/no desin the original network and variable elimination running times using tabular, ADD,
and AADD represertations for inference in various Bayesnets. “EML denotesthat a query exceededthe 1Gb memory limit.
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Figure 6: MDP value iteration running times (top) and number of entries/no des (bottom) in the nal value function using
tabular, ADD, and AADD represertations for various network con gurations in the SysAdmin problem.

for networks in a star, bidirectional, and independert

ring con guration. While the reward and transition dy-

namicsin the SysAdmin problem have considerablead-
ditiv e structure, we note that the exponertial sizeof the
AADD (as for all represerations) indicates that little

additiv e structure survivesin the exact value function.

Nonetheless,the AADD-based algorithm still manages
to take considerableadvantage of the additiv e structure

during computations and thus performs comparably or
exponertially better than ADDs and tables.

7 Concluding Remarks

We have preseried the AADD and have proved that its
worst-casetime and spaceperformanceare within a mul-
tiplicativ e constart of that of ADDs, but canbe linear in
the number of variablesin caseswhere ADDs are expo-
nertial in the number of variables. And we have provided
an empirical comparison of tabular, ADD, and AADD

represertations used in Bayes net and MDP inference
algorithms, concluding that AADDs perform at least as
well asthe other two represenations, and often yield an
exponertial time and spaceimprovemen over both.

In conclusion, we should emphasizethat we have not
set out to shaw that variable elimination and value it-
eration with AADDs are the best Bayes net and MDP
inference algorithms available { many other approaces
proposeto handle similar structure exciently via special-
purpose problem-structure or algorithm modi cations.
Rather, we intended to show that transparently substi-
tuting AADDs in two diverse probabilistic inferenceal-
gorithms that usedtables or ADDs could yield exponen-

tial performanceimprovemens over both by exploiting
context-speci ¢, additive, and multiplicativ e structure
in the underlying represertation. These results suggest
that the AADD is likely to yield exponertial time and
spaceimprovemerts for a variety of probabilistic infer-
encealgorithms that currently usetablesor ADDs, or at
the very least, a grosssimpli cation of thesealgorithms.
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