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This chapter gives generalization bounds for structured output learning. We show
that generalization bounds justify the use of Hamming distance in training algo-
rithms independent of the choice of the lossfunction usedto de ne generalization
error. In particular, evenwhen generalizationerror is measuredby 0-1 lossthe gen-
eralization boundsinvolve a Hamming distance. A natural training algorithm is to
simply minimize the generalization bound over the concept parameters. Minimiz-
ing the generalization bound is consistert | asthe amournt of training data in-
creaseghe performanceof the algorithm approacesthe minimal generalizationer-
ror achievable over the parameter settings. Unfortunately, the generalizationbound
is not convex in concept parameters. We consider seweral di erent ways to make
the generalization bound corvex all of which are equivalernt to classicalhinge loss
in the caseof binary classi cation but none of which are consistert.

1.1 Intro duction

Structured output classi cation can be viewed as a kind of decading. We assume
a probability distribution on pairs hx; yi where x is obsenable and y is latent. A
decder is a machine for predicting y given only x. In communication channels,as
in structured labeling, onetypically dealswith caseswherey is a structured signal.

In this chapter we will be concernedonly with a kind of linear decaling. We
assumea xed mapping from pairs to feature vectors, i.e., for any pair hx;yi we
have ( x;y) 2 <9. We will considerdecaders of the following form wherew 2 <¢
is a weight vector.

fw(x) = argmax ( X;y) w (1.1)
y
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The ultimate objectiveis to setthe parametersw soasto minimize the expectation
of d(y; fw(x)) whered is a measureof distortion.

w = argwmin Ehx; yi o [d(y; fw (O] (1.2)

A popular alternative to (1.2) is logistic regression.In logistic regressionthe
weight vector w is usedto represen a probability distribution P (yjx; w) de ned as
follows.

PO W) = e XP((XY) W) (13)
Z(x;w) = Zexp(( X9 w) (1.4)
y

Models of this form include Markov random elds (MRFs), probabilistic context
freegrammars(PCF Gs), hidden Markov models(HMMs), conditional random elds
(CRFs) (6), dynamic Bayes nets (5), and probabilistic relational models (PRMs)
(4). In logistic regressionthe goal is to minimize expected log loss.

w = argwmin Ehx; yi (1.5)

| 1
° {Og P (yix; W)}

A signi cant advantage of logistic regressionis that (1.5) is convex in w while
(1.2) is not. However, the objective in (1.2) seemsa more accurate re ection of the
actual quantit y of interest. The main question addressedn this chapter is how one
should selectthe parameter vector w soasto approximate (1.2) given only a nite
sample of training data drawn from D.

For binary classi cation, the casewith y 2 f 1;1g, SVMs provide a popular
approad to optimizing (1.2). But for the generalcaseof structured decading there
are seweral di erent generalizationsof binary SVMs. Here we give generalization
bounds designedto provide insight into these alternativ es.

Generalization bounds were given by Collins for 0-1 distortion (3) and a bound
has beengiven by Taslkar et al. (12) for the caseof Hamming distance distortion.
The useof Hamming distance producesa much tighter bound and seemsto support
the idea that Hamming distortion has advantagesin practice. Here we show that
the improvemerns in the generalization analysis achieved by Taskar et al. can be
achieved for an arbitrary boundeddistortion, including 0-1 distortion. Interestingly,
Hamming distance still appearsin the analysis, but not as a consequenceof the
choice of distortion. We also considerissuesof asymptotic consistency With more
than two possiblesignals,SVM algorithms are not consisteri | they fail to corverge
on the optimal decaler even in the limit of in nite training data. Howewer, the
training algorithm that setsw by minimizing the (noncorvex) generalizationbound
is consisten. This givesa trade-o between corvexity and consistencyin decading
with structured signals.
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1.2 PAC-Bayesian Generalization Bounds

In the decading problem consideredhere, the goal is to learn a mappingf : X! Y
whereX is a setof obsenable\codes"and Y is a setof latent (unobsened) \signals".
Here we follow the approad givenin (2) basedon \parts". In addition to the sets
X and Y we assumea set P of parts. In parsing we have that x is a string and y
is a parsetree with yield x | the decaler takesasinput a string and producesas
output a parsetree. In parsing we have a stochastic (or weighted) grammar G. In
parsing a part is just a production of G. Each pair hx; yi of a string x and a parse
tree y is assa&iated with a set of parts | the productions of G that appearin the
parsetree y. Note that a given parsetree can usethe sameproduction more than
once.Also note that for parsingwith a nite grammar the set of parts is nite ewven
though the spacesX and Y are in nite.

In general we assumesets X, Y and P and we assumea function c¢ sud that
forx 2 X,y 2 Yand p 2 P we have that ¢(p;hx;yi) is a nonnegative integer |
c(p; hx; yi) givesthe number of times that the part p appearsin the pair hx;yi.
Furthermore, we assumea distribution on D on X Y sud that for any x 2 X we
have that the conditional distribution P(yjx) has a courtable support (a feasible
set) which we denote by Y(x). We let P(x) denote the set of p 2 P sudh that there
exists ¢ 2 Y(x) with c(p;hx; 9i) > 0. Here we will assumethat for any x 2 X the
setsY(x) and P(x) are nite. For grammarswe have that c(p;hx; yi) is the number
of times the production p occursin the parsetree y.

We considerthe decader f,, de ned by (1.1) wherew; ( x;y) 2 <IPI and where
( x;y) is de ned asfollows.

p(X;y) = c(p;hx; yi) (1.6)

In the caseof grammars we have that w and ( x;y) are both indexed by the set
of productions of the grammar. A more general form for ( Xx;y), allowing for the
useof kernels, is discussedn section 1.5. For any de nition of ( x;y) we de ne the
margin m(x; y;¥;w) as follows.

meGy;$w) = (xy) w o (x5 w (1.7

Intuitiv ely, m(x; y;¥;w) is the amount by which y is preferable to ¢ under the
parameter setting w.

The PAC-Bayesian theorem governs the expected distortion of a stochastic
decder. The stochastic decader rst stochastically selectsan alternativ e parameter
vector wo then then returns fo(x). It is possibleto corvert the bounds stated here
for the loss of a stochastic decader to a bound on the loss of the deterministic
decder f,,. Howewer, this conversion seemsto provides no additional insight. For
any weight vector w we let Q(w) be a distribution on weight vectors whoseprecise
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de nition is given in section 1.6. We de ne the expected distortion of Q(w) as
follows.

L(Q(w); D) = Ehx, yi D;w® Q(w) [d(y; fwo(x))] (1.8)

For simplicity we assumethat there exist nite valuesr, s and ~ satisfying the
following conditions for all x 2 X and $ 2 Y(x).

9 r (1.9)
ST i) s (1.10)
p2P(x)

P (1.11)

In parsing we have that nite valuesr, s, and ~ exist provided that we bound the
length n of the string x. In this caser is exponertial in n while siis O(n) and " is
O(1) (the number of productions of the grammar). In lexicalized grammars bounds
r, s and = can be given in terms of the length of the input string independert of
the size of the lexicon.

Throughout the rest of this paper we assumethat 0 dy;¥) 1 for all
V;¥ 2 Y(x) with x 2 X. We also assumea sequenceS = hXq;yii;:i Xmiymi
of m labeled training pairs has beendrawn IID from D. The following theorem
is similar to that proved by Collins but generalizedto handle arbitrary bounded
distortion and modi ed soasto be consistert. More speci cally, if we setw soas
to minimize the right hand side of (1.12) then, in the limit of in nite training data,
we have that w minimizes generalization loss. This is discussedin more detail in
section 1.4. In the theorem I[] denotesthe indicator function wherel[] = 1if
is true and 0 otherwise.

Theorem 1 With probability at least 1 over the draw of the training data S of
m pairs we havethat the following holds simultaneously for all weight vectors w.

L(Q(w); D) (1.12)

caw 8) |, wj? || 2wt () + In (™)
m m (m 1)

m
Li(w;8) =) max - d(yi; MO fu(xi)igiw) 1] (1.13)
i=1
Intuitiv ely, f,,(X;i) is uncertain and any value § satisfying m(x;;fw(xi);$;w) 1
should be consideredas a possible value of f,(x;). The quantity L;(w;S) is the
worst casedistortion over the signalsy which are consideredto be possiblevalues
of fw(x;). If all possiblevalues of f,(x;) are similar to y; (as measuredby the
distortion function) then £;(w;S) will be low. Theorem 1 should be corntrasted
with the following which re nes the bound of Taskar et al. by handling arbitrary
bounded distortion and modi ed soasto be consisten.
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Theorem 2 With probability at least 1 over the choice of the training data we
havethat the following holds simultaneously for all weight vectors w.

Ly (w; S) .\ ]]W]]2 .\ jiwjj2In <jj2v‘vrjrj12) + In (m)
m m 2(m 1)

(1.14)

L(Q(w); D)
m
LawiS)= 3 max 0y DO Tu)igiw) - H T (1.19)
HOGy:9) = > je(psha 9i)  o(p;hx yi)j (1.16)
p2 P (x)

Like L£;(w;S), the training loss Ly (w;S) can be viewed as the worst case
distortion on the training set over the training labels that are consideredpossible
valuesof f,(x;). However, the criterion for being consideredto be a possiblevalue
for fy (Xi) involvesa Hamming distance.

The proof of both theoremsis given in section 1.6. The main feature of the proof
of theorem 1 is a union bound over the elemens of Y(x;) leading to the appearance
of r in the bound. The bound is also in uenced by the fact that jj ( x;y)jj? can
be aslarge as s2. The proof of theorem 2 replacesthe union bound over Y(x) by a
union bound over P(x) which is typically exponertially smaller.

At rst theorem 1 and 2 may appear incomparable. However, theorem 2 dom-
inates theorem 1 when *~ << r. To establish this one must make the two margin
requiremerts comparable. Margin requiremerts can be changed by rescaling the
weight vector. It is well known that in support vector machinesone can either work
with unit norm weight vectors and boundsinvolving the margin, or work with unit
margin and boundsinvolving the norm of the weight vector. To comparetheorems1
and 2 we insert w=(2s) for w in theorem 1 to get the following equivalent statemert.

il 4s2rm m
W Coow; §) iz | iiwiizIn (4552 ) +1n (™)
m

Las(w; S) = 2 Jnax dyi; MM fw(xi);gsw) 2] (1.18)
We now compare(1.17) with (1.14). We ignore the fact that the posteriors Q(w)
and Q(w=2s) are di erent. Showing that the right hand side of (1.14) dominates
the right hand of (1.17) shows that theorem 2 can provide a better guarantee than
theorem 1 evenif that better guaranteeis for adi erent classi er. We canalsojustify
ignoring the di erence between Q(w) and Q(w=2s) with the claim that variants
of these bounds can be proved for deterministic classi ers and the deterministic
classiersf,, andf,-,s arethe same.To comparethe right hand sidesof (1.17) and
(1.14) we rst notethat H(xi;fw(xi);¥) 2sandtherefore Ly (W;S)  Los(w;S).
Furthermore, for structured problemswe have that r is exponertially larger than °
and hencethe regularization term in (1.17) is larger than the regularization term
in (1.14).
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1.3 Hinge Loss

Support vector machines(SVMs) provide a popular alternativ e to logistic regression
for binary classi cation. In this section we consider generalizations of SVMs to
structured decaling. SVMs involve the optimization of hinge loss.When discussing
hinge lossand its relationship to generalization bounds the following notation for
the step function and the ramp function will be useful.

(X)T=1[x 0]
(x), = min(0; x)

In the caseof binary classi cation we havey 2 f1; 1g. In this casewe have that
(1.1) can be written asfollows.

fw(x) = argmax ( x;y) w = sign(( x) w) (1.19)
y2f 1;1g

where L

(x= (x 1) = 5( X) (1.20)

A support vector machine selectsw so as to minimize the following regularized
hinge lossobjective function wherey;(( x) w) is called the margin and (1 m)_
is called the hinge loss of margin m.

w o= argmind (1 yi(( xi) w), + jjwj? (1.21)
w -
I
Collins (3) consideredstructured SVMs using a multiclass hinge loss.
_ . . T
w = argwmln Ei )r?n&ay (1 mXisyisw) .+ jiwjj (1.22)
Altun and Ho man (1) proposedthe following.
w = argmin ) ma dyi;9) (1 m(xisyis9sw), +  jiwjj® (1.23)
w -
I
Taskar Guestrin and Koller, (12), proposedthe following.
w = argmin » max (H (xiiyi19) - mxi;yiigiw)), + jiwij? (1.24)
w "
I

The optimizations (1.22), (1.23), and (1.24) all reduce to (1.21) in the case of
binary classi cation. The fact that theorem 2 dominates theorem 1 suggeststhat
(1.24) is preferableto (1.22) or (1.23). But the precise relationship between the
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generalization bounds and the various notions of hinge lossis subtle. Theorems 1
and 2 directly motivate the following.

wo = argmin}_maxd(y;9) (1 mOa;fwOa)igiw) "+ jiwi? (1.25)

w (1.26)

m(Xi; fw(Xi); ¥ w)

The optimization problemsgivenby (1.25) and (1.26) are not convexin w. As a rst
step in approximating theseby corvex functions we can replacethe step functions
by ramps. This replacemen yields the following.

+
H (Xi; fw(Xi); -
argvgninzi:m)?xd(yi;v)< Oxiifw(x0):9) ) + jjwij?

w = argminy maxd(y;9) (1m0 fw(a)i W), +  jiwii? (1.27)
- H (xi; fw(Xi); 9) _—
w = argmanmaxd(yi;9)< _ . ) + jjwijji? (1.28)
Wy mxi;fw(Xi)igiw) /)

But (1.27) and (1.28) are still not corvex. To seethis considerthe caseof binary

classi cation under 0-1 distortion. Becaused(y;;¥$) = 0 for ¥ = y; we needconsider
only the casewhere ¢ 8 y;. If fy(xi) = yi then (1 m(x;;fw(xi);¥;w)), equals
the binary hingeloss(1 yi(( x) w))_,.But if fy,(xj) 6 yi | the casewherethe

classicalmargin is lessthan zero| then (1 m(xi;fw(xi);$;w)), = 1. Soin the

binary case(1 m(xi;fw(xi);¥;w)) . is a continuous piecewiselinear non-cornvex
function which equalsthe hinge lossfor positive margin but equalsthe constart 1

for negative margin. A secondstep in making this convex is to replacef, (x;) by

the constart y;. With this replacemen (1.27) becomes(1.23) and (1.28) becomes
the following.

w = argmin > maxd(yi;9) (H(xi;yii9) - mxiiyiigw)) , + jiwij? (1.29)
w N
|

It is interesting to note that (1.29) also reduce to (1.21) in the case of binary

classi cation. It is also interesting to note that replacing f,(X;) by y; in theorems
1 and 2 strictly weakensthe bounds and causesthem to be inconsistert.

1.4 Consistency

Consistencyis an important criterion for generalization bounds. More speci cally,
a bound is consistert if, in the limit of in nite data, the minimum of the bound
(over the parameter vector w) approacesthe minimum distortion possibleover the
allowed parameter space.The boundsin theorems1 and 2 are both consistent in
this sense We give a quick sketch of a proof for this in the nite dimensional case
wherewe have w 2 <9. We consideronly theorem 1, the argumert for theorem 2 is
similar.
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Sincethe unit spherein <9 is compact, there must exist a vector w on the unit
sphereminimizing generalization loss.

W argmin  &(w)

w: jjwjj =1
€(W) = Epy:yi p [Ay; fw(X))]

All vectors in the samedirection asw yield the sameclassi cation function and
hencethe sameexpected distortion. We de ne w,, to be the vector m*=3w which
is in the samedirection asw but has length m'=3. For a sample of size m we
consider the value of the generalization bound for the vector w,,. Note that as
m ! 1 we have that jjwyjj ! 1 but the regularization term for w,, goes
to zero. Furthermore, for vectors of su cien tly large norm, the only ¢ satisfying
m(Xi;fw(Xi);¥) < 1lis fy(Xi). This meansthat for vectors of su cien tly large
norm we have that L;(w;S)=m is essetially equivalent to the sample average of
d(xi;vi;fw(x)). Putting thesetwo obsenations together we get that asm ! 1
we have that the generalization bound for w,, must approadh £(w ). Hence, as
m! 1 the minimum of the generalizationbound is at most £&(w ). The algorithm
is guaranteed (with high probability) to perform as well as the minimum of the
generalization bound.

It is well known that the use of hinge lossin multiclass classi cation results in
inconsistert algorithms (8). The various forms of cornvex hinge lossdiscussedn sec-
tion 1.3 all fail to be consistent. It is possibleto construct consistert forms of hinge
lossfor nonparametric, i.e., in nite feature dimension, multiclass classi cation (8).
Howevwer, neither the corvergencerates nor the practicality of these constructions
has beenestablishedfor the caseof learning decaders.

To shaw inconsistencyof the Hinge lossesconsideredin section 1.3, supposethat
X contains only a singleelemer x and that Y is a nite setyy, vy, :::, Yk, and that
weareusing0 1distortion. Further assumethat there is an independert weight for
ead y;. In other words,d= k and ;(x;y;) is1if i =] and zerootherwise so that
( x;¥i) w = w;. In this caseall four of the hinge lossrules (1.22), (1.23), (1.24),
and (1.29) are the same.We will work with the simplest form, (1.22). Assumethat

= 0 sothat we simply want to minimize the hinge lossindependert of jjwjj2. In
the limit of an in nitely large samplewe have that the hinge lossterm dominates
the regularization term. Furthermore, supposethat for ead y; we have that the
probability of the pair h;y;i is lessthan 1=2 (note that this cannot happen in
binary classi cation). De ne the margin m; as follows.

mi = W  maxwj
j 6
In the limit of in nite training data we have the following.

w = argmin > p (1 my), (1.30)
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We will show that in this casethe optimal value is achieved when all weights are the
samesothat m; = O for all i. To seethis considerany uniform vector w. Sincethe
objective function in (1.30) is corvex it su ces to show that any variation in w fails
to improve the objective function. As an exampleof a simple variation supposethat
we increasethe weight of the componert w; corresponding to the choice minimizing
expected distortion. As we increasew; we increasem; but we decreasesad m; for
j 6 i by the sameamount. Giventhat p; < 1=2, the net e ect is an increasein the
objective function. To prove that no variation from uniform improvesthe objective,

let 2 <k bea vector and considerw®= w+ . We then have the following.
@ i .
— = | max
@ LT

To show that is a non-improving variation it su ces to show the following.

Zpi(i max j) O

j 6
But this is equivalert to the following
iZpi r}"lglx j iZpi i

This can be derived asfollows wherei isargmax  andj isargmaxg;  and
the last line follows from the assumptionthat p; < 1=2.

Zpirjngix i= P +ij [
i

j &i
=p o+ B i)
j&i
ST B - T [ € R (G i)
j Ei
=p i *p( D+ Dom it @ P i)
j &i
=> P i+ i) 2p)

Zpi i
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Now we argue for the consistencyof (1.25) and (1.26). If we hold =n xed and

let the samplesizegoto in nit y then (1.25) and (1.26) becomethe following where
0: :n

w argminEh(;yi b [m?xd(y;y)(l m(x;fw(x);y;w))+}+ Yiwijj2 (1.31)

=
I

+
. ' _ H (X fw(X): 9) oo
argmin By yi o [myaxd(y,v)< 0 £ 0): 9;W)> ]+ Giwji*  (1.32)

Now we considerthe limit of (1.31) and (1.32) as °! 0. Intuitiv ely this limit gives
the following.

w argminEhK;yi o {myaxd(y;y)(l m(x;fw(x);y;w))ﬂ (1.33)

w = argminEp. i [mgxd(y;v) (HOGFw (X)) mx; fw(x): ¥ W))*} (1.34)
" ;

The optimizations (1.33) and (1.34) yield very large vectorswhich drive any nonzero

margin to be arbitrarily large. The direction of the optimal vector for both (1.33)

and (1.34) is then given by the following.

w = argwmin Ehx; yi o [d(y; fw(X))] (1.35)

To convert this argumert into a formal proof one needsto give an explicit schedule
for asafunction of samplesizeand show that this schedule correspondsto taking
m to in nit y holding © constart and then taking °to zero. It should suce to
considerthe \schedule" obtained by optimizing  with hold-out data.

1.5 A Generalization of Theorem 2

We de ne two steps of increasing generality | a generalization to allow for
kernels and a secondgeneralization that generalizesthe notion of part. The rst
generalization replaces(1.6) by the following where is a feature map on parts.

(xy)= > cp:hyi)( p) (1.36)

p2P(x)

This generalizationis important when the parts themselvescortain vectorial data.
For example, in speed recognition the obsenable state in an HMM is often taken
to be an acoustic feature vector. In (1.36) we have ( p) 2 <9 where we allow
d = 1 with the understanding that <! is the vector spaceof square summable
in nite sequencesFor the d = 1 caseit is usually more conveniert to work in a
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reproducing kernel Hilb ert space(RKHS) de ned by a kernel K in which casethe
decader speci ed by weight function g is de ned asfollows.

fg(x) = argmax Z c(p; x; 9i)a(p) (1.37)
y2Y(x) P2P (x)

Formulation (1.37) is equivalent to (1.36) with d = 1 and we will work only with
(1.36).

We now generalizethe notion of part. As beforewe now assumesetsX and Y with
adistribution D on X Y with the property that for all x 2 X the marginal P( jx)
has a courtable support Y(x). We also assumea feature map  with ( x;y) 2 <¢
where, as above, we allow d = 1 . But rather than assumeparts, we assumethat
for eadh x 2 X we are given a set of “(x) independen vectors B(x) such that for
all ¢ 2 Y(x) we havethat ( x;¥) isin the linear spanof B (x). The vectors ( p) in
(1.36) form such a basis.We let (x) denotethe ith vector in the basisB(x). We
can then generalize(1.36) to the following.

%)
(xy) =Y i6y) i(x (1.38)

i=1

The di erence between(1.36) and (1.38) is actually quite minor. In (1.38) we have
that (x;y) is any real number while in (1.36) we have that c(p;hx; yi) must be a
count | anon-negative integer. We now assumetwo quartities ~ and R suc that
for all x 2 X we have the following.

x) O (1.39)
i i R (1.40)
We now state the generalization of theorem 2.

Theorem 3 With probability at least 1 over the choice of the training data we
havethat the following holds simultaneously for all weight vectors w.

L(Q(w); D) (1.41)

La(w; S) | Rew? | RAIWIIN () + In (™)
m m 2(m 1)
S (wiS) =3 max diis PHMOG: fu0a)igiw) - H 06 ()i 9] (1.42)
i=1
)
HXy 9 = Z IBIES)) (X Y)j (1.43)

i=1

The proof of this more generaltheorem is a straightforward generalization of the
proof of theorem 2 and is not given here.
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1.6 Pro ofs of Theorems 1 and 2

All our proofs usethe PAC-Bayesiantheorem (9; 11; 7; 10).

Lemma 4 (PAC-Bayesian Theorem) For setsX and Y, any prokability distri-
bution D on X Y, any distortion function donY Y with 0 d(y;$) 1, any
decoder fy, : X! Y parameterized by parameter vector w, and any prior prokability
density P on the parameters w, we have that with probability at least 1 over

following holds simultaneously for all densities Q on parameters.

KL(Q;P)+In™

L(Q:D) L(Q;S)+\/ e (149)
where
L(QiD) = Engyi pay o A fu ()] (1.45)
LQiS) = = Eu oy fu(x)] (1.46)
i=1

Quadratic regularization correspondsto a Gaussianprior. We considerthed = 1
caseof a Gaussianprocessprior asthe limit of the nite d caseasd increaseswithout
bound. More speci cally, we take the \prior" density to be a unit-variance isotropic
Gaussianon weight vectors de ned as follows.

_1 jiwijj2
p(w) = Z exp< 5

Theorems1 and 2 govern the distortion of a stochastic decader that stochastically
draws w® from a distribution Q(w). We now de ne the density Q(w) as follows.

q(w’j w) = Zlexp( (1=2)ji(w°®  w)jj?) (1.47)

Here s a scalar multiple which will be optimized later. The distribution Q(w)
is a unit-variance Gaussianabout certered at w. If is very large then the vast
majority of vectorsdrawn from Q(w) will bein essetially the samedirection asw.
Soby tuning  we can tune the degreeto which Q(w) is concerrated on vectors
pointing in the samedirection asw. The KL divergencefrom Q to P can be solved
analytically asfollows.
gi o
KLQw)jjP)y= 2= (1.48)

To apply the PAC-Bayesian theorem it remains only to analyze the training
lossL(Q(w); S). In analyzing the training losswe can consideread training point
hx;;yii independenly.
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L(Q;S) = %ZLi (1.49)
i=1
Li = Ewo o) [d(yi: fwo(xi))] (1.50)

In analyzing L; we have that fo(X;) is a random variable basedon the random
draw of w° The di erence betweentheorem 1 and theorem 2 involves a di erent
way of analyzing the random variable f,o(x;). For theorem 1 we usethe following
lemma.

Lemma 5 For s andr asde ned at the start of section 1.2 and de ned by

- s fon ()
nwj

o,
we havethat with probability at least 1 ¥ gver the seletion of w the following

holds. "
fwo(xi) 2 f9: m(xi;fw(xi);$,w) 1g

Proof Let ¢ abbreviate f,,(x;). We rst note that by a union bound over the
elemerts of Y(x;) it suces to show that for any given $ with m(x;;%i;w) 1,
the probability that fo(x;) = ¥ is at most jjwjj2=(rm). Considera xed ¢ 2 Y(x;)
with m(x;;$;9;w) 1. We analyzethe probability that the choice of w® overcomes
the margin and causesy to have a better scorethan ¥. We rst note the following
for any vector 2 RY with jj jj = 1 and any 0.

2
Pwo o) [( W w9 ] exp(T) (1.51)
For ( xi;9:9) = ( xi;%)  ( xi;¥) we then have the following.
mxi; % gw) = ( xii 959 w
ICxis%:i 2
Inserting ( Xi;%i:M=i ( Xi; ;9 into (1.51) yields the following.

2

2
Puwo o) MG iwd  m(xisgisgsw)  ji ( xis 9 9ii | exp<7>
Pus o M) i (xiigii] exp( )
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Setting equalto Fj ( X;i;¥i; ¥ we get the following.

2
Pyo Q(w) [m(Xi;V‘.;f?;WO) O] exp (W)
2

PWO Q(w) [fWO(Xi) = 9)] exp (m)
2

xp 5 )

Setting asin the statemert of the lemma nishes the proof. ]

Theorem 1 now follows from the PAC-Bayesiantheorem, (1.48), and lemma 5.
Theorem 2 follows from the PAC-Bayesiantheorem, (1.48), and the following lemma
which is similar in form to lemma 5.

Lemma 6 For s and "~ asde ned at the start of section 1.2 and de ned by

= 4/2In (2_n12>
nwijj

we havethat with prokability at least 1 ”WT”Z over the selection of wP the following
holds.

fwo(Xi) 2 9 m(xi;fw(Xi);w)  H(Xi;fw(Xi); $;w)g (1.52)

Proof Again let ¥ denote f,(x;). First we note that for any p 2 P(x;) we have
the following.

2
Puo o [iWp — wpi ] 2exp (T) (1.53)
Setting to , for the above value of , givesthe following.
. . jj wijj 2
Puo o) [iWp Wi ] ”% (1.54)

Novv_lta_kzing a union bound over the elemerns of P(x;) we get that with probability
1 2L the following holds simultaneously for all p 2 P(x;).

0

jwp Wpj (1.55)



1.7 Discussion

15

Now assumethat (1.55) holdsfor all p 2 P(x;). Considery suc that m(x;; ¢;¢; w) >
H(xi;9i:9). Let ( xi;¥;9) denote ( Xi; %)  ( Xi;¥). We now have the following.

m(xi; % 95w (1.56)
= m(xi; 99 w+ (W w)) (1.57)
= mx;gegw) (xs) (woowd (1.58)
> HXi 99 (xiy) (wo wd (1.59)
Hxch:) > (ki) oo 9i)i wp  wii (1.60)
P2P (xi)
Hoaigs®) S je(pihxiigi)  ofpihxii9i)] (1.61)
P2P(xi)
=0 (1.62)
Sincem(x;; ¥i;9;w% > 0 we have that f,o(x;) 6 § and the lemma follows. |

1.7 Discussion

One of the goals of learning theory is to provide guidance in the construction
of learning algorithms. This paper provides consistert generalization bounds for
learning decaders(structured output learning). Thesenew boundsimprove previous
boundsby adchieving consistencyfor arbitrary distortion (loss)functions. Thesenew
generalization bounds seemto provide insight into the various notions of hinge
loss that have been proposed for learning decaders and suggestthat noncorvex
optimization may adhieve superior, or at least consistert, generalization.
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